Abstract. We study ideals in a local ring R whose quotient rings induce large homomorphisms of local rings. We characterize such ideals over complete intersections, Koszul rings, and over some classes of Golod rings.
Introduction
In 1978 Avramov [3] introduced and studied the small homomorphisms of local rings, and a year later, Levin [12] introduced the large homomorphisms of local rings as a dual notion of the small homomorphisms. Recall that a local homomorphism f : R → S is called small if the induced homomorphism of graded algebras f * : Tor R * (k, k) → Tor S * (k, k) is injective, and it is called large if f * is surjective. Levin proved that a local homomorphism R → S is large if and only if for every finitely generated S-module M there is an equality of the Poincaré series P R M (t) = P R S (t) · P S M (t) which shows that large homomorphisms are very useful for computing Poincaré series.
Despite "small homomorphisms" is a "large" paper, "large homomorphisms" is a "small" paper. Also, as the small homomorphisms are closely related to Golod homomorphisms, they have been studied very well in several articles; see for example [3] , [13] , [14] , and [16] . On the other hand, we are only aware of few results about the large homomorphisms. This motivated us to explore more about them in this paper.
In section 2, after some preliminaries, we classify large homomorphisms over complete intersections. Our main result in this section is the following. Theorem 1.1. Let R be a complete intersection local ring, and let I be an ideal of R with I ∩ m 2 = Im. Set S = R/I. Then the following are equivalent.
(1) R → S is large.
(2) S is complete intersection. In section 3, we study large homomorphisms over Golod rings and Koszul rings. It turns out that if R is a Koszul local ring then a surjective homomorphism R → S is large if and only if the regularity of S over R, in sense of [16] , is zero. This is an immediate corollary of our main result in section 3. More precisely, we prove the following. Theorem 1.2. Let (R, m, k) be a local ring, and let I be an ideal of R such that I ∩ m 2 = Im. Then the following conditions are equivalent.
(1) The map Tor
(2) The homomorphism φ : R → R/I is large, and the homomorphism ψ : R → R/mI is small.
Also, when R is Golod, we give a sufficient condition for a homomorphism f : R → S to be large in terms of the Koszul homologies of R and S. As a result, we classify large homomorphisms over some classes of Golod rings.
Large homomorphisms over complete intersections
Throughout (R, m, k) is a commutative Noetherian local ring with the maximal ideal m and residue field k.
A differential graded algebra (DG algebra) A is a complex (A, ∂) equipped with an algebra structure, with A 0 is a commutative unitary ring, A i = 0 for i < 0, and the product satisfies in the Leibniz rule
2.1. Acyclic Closure. Let I be an ideal of R. An acyclic closure R X i | i ≥ 1 of the augmentation R → R/I obtained from the Tate construction is a DG algebra resolution for R/I over R, where X i is a set of exterior variables when i is odd, and it is a set of divided variables if i is even number; see [2, §6] for more details. An acyclic closure R X i of R/I is not a minimal resolution in general, however, if I = m then by Gulliksen's theorem R X i is a minimal free resolution of k over R; see [10, Theorem 1.6.2] . In this case, abusing the notations, we write ε i (R) = card X i ; see [2, Theorem 7.1.3] .
Let U be a DG algebra resolution of k over R described in 2.1, and let a be an ideal of R. Then A = U ⊗ R R/a is a DG algebra, and hence, Tor R (k, R/a) also has the graded algebra structure induced from A.
Let M be a finitely generated R-module. The Poincaré series P R M (t) of M over R is defined to be the formal power series P
Definition 2.2. [12, Theorem 1.1] Let (R, m, k) be a local ring, and let f : R → S be a surjective local homomorphism. Then f is called large if one of the following equivalent conditions holds.
(1) The induced map f * : Tor
which specifically tells us the necessary condition for a homomorphism f : R → R/I to be large is that a minimal generating set of I must be part of a minimal generating set of m, equivalently I ∩ m 2 = Im.
In the following we list some well-known examples of large homomorphisms from literature.
Example 2.4. Let (R, m, k) be a local ring, and let I be an ideal such that I ∩ m 2 = Im. In either of the following R → R/I is a large homomorphism.
(
Proof. For (1), one checks by induction on the number of generators of I that if pd R (I) < ∞ then I is generated by a regular sequence. Therefore R → R/I is a large homomorphism by [12 To see (6) , consider the exact sequence
Applying − ⊗ R k, we see that the induced map Tor
The following provides more examples of large homomorphisms.
Example 2.5. Let (Q, n, k) be a local ring, and let R = Q/a where a is an ideal of Q. Let J be an ideal of Q such that J ∩ n 2 = Jn, and let I be the image of J over R. Assume there exists an ideal b ⊆ a such that a + J = b + J, and Q/b → Q/(b + J) is a large homomorphism. Then R → R/I is large. Indeed, since the composition map Q/b → R → R/I of the natural homomorphisms is large, the induced composition homomorphism Tor
We recall a fact from [12] that plays a key rule in the proof of [12, Theorem 1.1]. We will use it in the proof of Theorem 1.1.
2.6. DG Algebra Spectral Sequence. Let f : R → S be a local homomorphism. Consider the change of ring spectral sequence
The spectral sequence is derived from the double complex C p,q = Y p ⊗ R X q where X and Y are free resolutions of k over R and S, respectively. Choosing X and Y as in 2.1, we have C is a DG algebra. Then each (E r , d r ) is also a DG algebra. With respect to this algebra structure E 
are the homomorphisms induced by f : R → S and ϕ : S → k, respectively; see [7, page 348] .
Let (R, m, k) be a local ring and let I be an ideal of R. We denote K(I) the Koszul complex with respect to a minimal generating set of I, and H i (I) := H i (K(I)). If I = m we write K(R) := K(m) and H i (R) := H i (m).
Lemma 2.7. Let (R, m, k) be a local ring and let I be an ideal of R such that I ∩m 2 = Im.
Proof. Set S = R/I. The assumption I ∩ m 2 = Im implies that Tor
Hence by 2.6, d 2 2,0 = 0 and therefore the induced map Tor
is surjective for i ≤ 2. Let K(R) and K(S) respectively be the Koszul complexes of R and S. Let σ 1 , · · · , σ r ∈ K(R) and δ 1 , · · · , δ s ∈ K 1 (S) be cycles whose classes are basis for the vector spaces H 1 (R) and H 1 (S), respectively. Then by the Tate construction, there exists a commutative diagram 
is surjective, one has ε 3 (S) = 0 which means that S is complete intersection.
(2)⇔(5) Since R is complete intersection, by the Tate-Assmus Theorem [6, Theorem 2.3.11] H 2 (R) = H 1 (R)
2 . Now by using Lemma 2.7 and the Tate-Assmus Theorem, S is complete intersection if and only if H 2 (S) = H 1 (S) 2 if and only if H 2 (R) → H 2 (S) is surjective.
We close this section with the following result which we use it in section 3.
Proposition 2.8. Let f : R → S be a surjective homomorphism of local rings.
(1) If pd R (S) = ∞ and the induced map ϕ i : Tor
is surjective for all i ≫ 0 then f is a large homomorphism. ) is injective, the graded algebra Tor R * (S, k) has a divided power variable τ of even degree 2j with j ≫ 0. Let n ≥ 0 and α ∈ Tor R n (S, k) be such that ϕ n (α) = 0. Since ϕ * is homomorphism of graded algebras, one has ϕ n+2j (ατ ) = 0. Therefore by assumption ατ = 0. Since τ is a divided variable of even degree, we must have α = 0.
Proof. (1) Since pd R (S) = ∞ and Tor
(2) By Example 2.4(3) we may assume that S is not a complete intersection. Applying Hom(−, k) one has f i : Ext
It is well-known that Ext * R (k, k) and Ext * S (k, k) are universal enveloping algebras of the homotopy Lie algebras π * (R) and π * (S), respectively; see [2, Theorem 10.2.1]. Since S is not complete intersection, Ext * S (k, k) is infinite dimensional. Let j be the smallest number such that f j is not injective, and choose a non-zero σ ∈ Ext j S (k, k) such that f j (σ) = 0. Let I be the ideal of Ext * S (k, k) generated by elements of degree greater than j. Since f * is a homomorphism of associated graded algebras, for any χ ∈ I one has f * (χσ) = 0. Thus by assumption we must have χσ = 0, and as χ is arbitrary, Iσ = 0. Since Ext * S (k, k) is infinite dimensional, the Poincaré-Birkhoff-Witt Theorem implies that σ = 0; see proof of [8, Lemma 3.1] . This is a contradiction and hence Ext
Large homomorphisms over Koszul rings and Golod rings
Let (R, m, k) be a local ring and let M be a finitely generated R-module. Let F be a minimal free resolution of M over R and let lin R (F ) to be the associated graded complex of F ; see [11, §1] The regularity reg R (M) is defined to be the regularity of the graded module gr m (M) over the graded ring gr m (R); see [16] . It follows that M is Koszul if and only if reg R (M) = 0. Definition 3.2. Let k be a field, and let A be a DG algebra with H 0 (A) ∼ = k. The algebra A is said to admit a trivial Massey operation, if for some k-basis h = {h λ } λ∈Λ of H ≥1 (A) there exists µ : i≥1 h i → A such that
(1) µ(h λ ) = z λ where z λ is a cycle in A with class [z λ ] = h λ ∈ H ≥1 (A), and
, or equivalently, the DG algebra A = U ⊗ R S admits a trivial Massey operation, where U is a minimal DG algebra resolution of k over R; see [13, Theorem 1.5] . Now, we are in a position to prove Theorem 1.2.
Proof of Theorem 1.2. The assumption I ∩ m 2 = Im implies an split exact sequence of k-vector spaces 0 → I/mI
we get a commutative diagram
with exact rows, where ι i is split injective.
(1)⇒ (2): Since f i is zero map and ι i is split injection, the composition ι i •γ i is injective. Therefore, the map g i is injective for all i ≥ 0. Therefore Tor
Next, we show that ψ is small. By a similar argument used in [15 (2) ⇒ (1): Suppose the map φ : R → R/I is large, and the map ψ : R → R/mI is small homomorphisms. By definition, the induced map ψ i : Tor We remark that Corollary 3.4 fails if R is not Gorenstein; see [9, Example 3.12 ]. The following example shows that Corollary 3.4 also fails over Artinian Gorenstein rings of higher socle degree. 
where ν R (m) is the number of minimal generating set of m. shows that the induced map H i (R) → H i (S) is surjective for all i ≥ 1. Now the result follows from Proposition 3.8 .
